Chemical Physics Cumulative Examination
September 16, 2009

The examination will focus on the application of mathematical series in the physical
description of chemical systems and chemical processes. You should support your answers
with brief justifications. Explain any assumptions you make when proposing solutions to the
problems below. An equation sheet with constants, conversions, and integrals is provided.

Q1 (30 points): Consider the geometric series

<

s=Xo0r
n=0

a) determine whether the series converges

b) determine which partial sum approximates the series to 1%

c¢) the series in Eq. 1 can be written in a more general form

s =.Zgar” 2)

determine the value for the series in equation 2
d) show that the partial sum for equation 2 is

1-7"
S =
n a(l ] (3)

—r

e) the molecular partition function is defined in the statistical mechanics of non-
interacting molecules as the sum over all the states of one molecule

o Ei
zZ= Z exp( T (4)
i= B

where i is an index specifying the state, E; is the energy of state i, kg is the Boltzmann
constant, and T is absolute temperature. If we consider only the vibration of a diatomic
molecule, to a good approximation the energy E; can be expressed as

1
E=E =hviv+—| v=0,1,2,...
i v ( 2) (5)

where v is the vibrational frequency, v is the vibrational quantum number, and h is Planck’s
constant. Use your answer in Q1(c) to find the value of the partition function for vibration.

Q2 (20 points): A power series has the form
s(x)=a, +a,(x—h)+a,(x— 1) +a,(x=h)... (8)

and when h=0 it is called a Maclaurin series.
a) show that the formula in Eq. 7 below is correct for the coefficients in the vicinity of
x=0 for an arbitrary function f(x) that can be represented by a Maclaurin series

a, 21(01 fj n=1273,... (7)
o

n!l dx"




b) show that the Maclaurin series for e* is
« 1 1 1 1
e =l+—x+—x"+=x"+—=x"+... (8)
1! ! 4!

c) the virial series is a power series used to represent the behavior of a non-ideal gas

PV B, B, B,
=l+=+=+=+... (9
RT Vv v V
the pressure virial equation of state, which is a Maclaurin series in P, also is a
commonly used series equation of state.
PV =RT +A,P+ A,P* + A,P* +... (10)
show that A, in Eq. 9 is equal to B, in Eq. 10

d) If two power series in the same independent variable are equal to each other, what
can be said regarding the values of the corresponding coefficients in the series?

Q3 (15 points): A Taylor series expansion has the same functional form as Eq. 6 except that h
is not equal to zero. The boiling temperature T of a solution can be determined from the mole
fraction of pure solute X4 using the relation

-In X, =A—HL(—-1—-——J (11)

where AH, is the molar heat of vaporization, Ty is the normal boiling point, and R is the gas
constant.

a) find the Taylor series for In(x) about x=1

b) the mole fraction of the solute X, assuming only one component in the solution
other than the solvent, is X; = 1-X;. Use this relation, and your answer in Q3(a) to show that

X, +§—X22 +%X23 +...= A;{V [Tio_% (12)
c) determine how large X; can be to truncate Eq. 12 to the form
AH [ 1 1
: “T(?;“EJ 1o

where the inaccuracy increases above 1%.

Q4: (35 points) Fourier series are sine and cosine functions which can be applied to problems
with periodic solutions to reach series convergence rapidly. For example, a Fourier series
that represents a periodic function of period 2L is

f@)=a,+3a, cos( )+Zb sm( j 8

n=1
a) show that the basis functions in the series in Eq. 14 are periodic with period 2L
b) the property of orthogonality is typically used to find the coefficients of a Fourier
series. Define the three equations for orthogonality for Eq. 14.
c) find the expressions for ag and ap.
d) find the Fourier series to represent the function f(x) = x for the interval -L < x < L
e) plot the resulting series in Q4(d) in the range -3L < x < 3L
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k=1.3805 x 100 erg K1 = 13805 x 1023 1 K}
h=6.6256 x 10 erg s = 6.6256 x 10 J 5
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1J=1.439x 10?2 keal mol'! = 1 x 107 erg = 6.242 x 10'3 eV = 5.034 x 10?2 em™!= 0.2390 cal

1 atm = 760 torr = 1.01325 bar= 1.01325 x 107 Pa
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